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Abstract 
A simplified interaction law is derived describing the non-linear elastic-inelastic behavior of FCC polycrystals. The approach 
considers that the inclusion (grain) shape is ellipsoidal. A parametric study of the model parameters is carried out, particularly 
related to the inclusion shape and the new parameter of interaction law. The influence of these parameters on the polycrystal 
hardening (kinematic and isotropic) is studied using the yield surface evolution concept. 
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1. Introduction 
The solution of an ellipsoidal inclusion (grain) embedded in an infinite linear elastic homogeneous equivalent 
medium (matrix) has been theoretically developed for elastic-inelastic behavior of polycrystals by many research 
programs [1-5]. Hence, the model is based on the generalized non-incremental interaction law [3]. The developed 
interaction law is simplified considering the overall isotropic elastic behavior using the self-consistent approach. 
The overall viscous behavior is modeled through a new viscous parameter (γ). A parametric study is conducted for 
these parameters related notably to the grain shape (α) and the new viscous model parameter (γ). Their effects on the 
polycrystal hardening are investigated. The initial and subsequent yield surfaces are numerically constructed. 
2. Self-consistent model 
By assuming an ellipsoidal inclusion embedded in infinite homogeneous matrix, a generalized elastic-viscoplastic 
self-consistent model proposed in [3] is expressed as follows: 
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sℑ and 'ℑ are respectively fourth rank tensors which have to be computed using A  and C  with Green function 
and integral methods. C  is the global stiffness tensor. The fourth order tensor A  represents the macroscopic tangent 
modulus. In the case where the elastic response dominates, the viscoplastic term 1)A
-1s'( −+ℑ  becomes negligible 
with respect to the elastic part, and the interaction law can be thus written as deduced in [4]:  
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For a fully viscoplastic behavior dominating at stationary state, Eq. (1) can be therefore expressed approximately 
as: 
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The isotropic elasticity tensor C  for infinite homogeneous matrix under macroscopic loading is written as:  
)jkδilδjlδikμ(δklδijλδijklC ++=        (4) 
The Eshelby’s tensor [6] for an ellipsoidal inclusion is used. The symmetrical tensor of elasticity sℑ  is for 
isotropic behavior:  
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where a, b and c are the half axes of the ellipsoidal inclusion and λI and μI are its Lame’s coefficients. 
)jkδilδjlδik(δ2
1
+=ijklΙ is the fourth order unit tensor. For the viscoplastic part, the fourth order inelastic 
interaction tensor ′ℑ  is defined by:  
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The used fourth order macroscopic tangent modulus tensor proposed in [7] has the following form:  
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Mσ  is the stress in the matrix, eqp&  is overall equivalent strain rate, m is the parameter characterizing the strain rate 
sensitivity and inijE&  represents the macroscopic inelastic strain rate tensor. The tangent viscoplastic modulus η 
dependant on the strain rate state is defined by:  
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The tangent modulus becomes:  
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By rewriting the macroscopic tangent modulus tensor A  and the inelastic interaction tensor ′ℑ , their matrix forms 
can be defined as : [ ] [ ]′= AηA  and [ ] [ ]″ℑ=′ℑ
η
1
. By calculating the inverse of these matrices, we find: 
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Adopting the same approach proposed in [4], this interaction relation will be simplified by replacing the tangent 
viscoplastic modulus η by a phenomenological parameter γ  (γ > 0) independent on the strain history. The term (1/η) 
is replaced by γ in (12) to prevent the problem of η adjustment for satisfying the self-consistency conditions and for 
accelerating the computing time. Therefore, the simplified interaction law can be written as [8]: 
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This model uses the same the single crystal constitutive equations and overall total strains as in [4]. 
3. Application 
The influence of two important parameters of the model will be studied (grain shape via the aspect ratio (α) and 
the new parameter γ) on the elasto-inelastic behavior of polycrystals especially on the hardening. For the sake of 
simplicity, it is assumed that all the grains have the same value of the λΙ and μ Ι constants and all the octahedral slip 
systems also have the same constants zs, Ks, sok , Qs and bs (Table 1).  
 
Table 1 Employed values of the model constants 
 
λI (MPa) 144780 bs 12.6 Ks 38 m 0.05 
μI (MPa) 81440 γ 10-7 zs 20 h1= h2=... = h5 1.0 
s
ok (MPa) 240 α 0.75 Qs (MPa) 260 h6 3.5 
 
The grain shape effect is studied by means of the aspect ratio α (α= a/b where a and b are the half-axes of the 
grain). Hence, three numerical values of α are chosen (a value less than one and two values more than one) 0.75, 
1.25 and 75. Note that the use of α= 75 is to demonstrate the extreme capacity of the model in describing the 
mechanical behavior of a representative volume element (RVE). The RVE represents an initially random crystal 
distribution of 400 grains. The microstructure (number and orientation of grains) of a single-phase FCC 
polycrystalline material is always determined by using Euler angles defining the orientation of each grain based on a 
random crystallographic texture. Simulations are carried out using a tensile load with γ= 10-7 and m= 0.05. The 
model shows a remarkable sensitivity to α as shown in figure (1). It is obvious that the hardening evolution of the 
RVE is controlled by this parameter. The macroscopic stress evolution for α= 0.75 is approximately similar to that 
of α= 1.25 and they are different from that for α= 75 having the weakest work-hardening condition. 
Let us examine now the effect of the new parameter γ on the polycrystal mechanical behavior. Three values of γ 
are chosen (10-3, 10-5 and 10-7). With the parameter γ, the overall hardening effects on the stress-strain behavior are 
noticeable (Fig. 2), i.e., the lower is the value of γ, the more isotropic and kinematic hardening are observed. Note 
that, for the greatest value of γ (10-3), the polycrystal behavior is almost elastic-perfectly plastic type.  
Investigations are performed by constructing the initial and subsequent yield surfaces for different values of 
α= a/b  (0.75, 1.25 and 75) for a given value of γ and four different values of γ (10-7 up 10-3) for a given α. All of 
them are plotted in a stress-space as shown in Figs. 3 and 4. The initial yield surface is determined by following 
radial stress path away from the origin of the stress-space. The isotropic hardening effects describe the expansion of 
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the elastic domain. The kinematic hardening evolution and its effect on the subsequent yield surface can be strongly 
influenced by α and γ and their interaction. Changes in shape and size and translation of the subsequent yield 
surface are due to these hardening sources. The distortion of the subsequent yield surface is characterized by the 
appearance of a round nose formed in the prestraining direction and a flat in the opposite one (see Figs. 3& 4).  
 
 
 
 
 
 
 
 
 
 
 
 
               Figure 1 Grain shape effect on the overall polycrystal Figure 2 Effect of the new model parameter γ on 
                   uniaxial response                       the overall polycrystal uniaxial tensile response 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
              Figure 3 Effect of α on the yield surface evolution      Figure 4 Effect of γ on the yield surface evolution 
 
4. Conclusion 
 
The self-consistent model uses a non-incremental formulation notion adopting the ellipsoidal inclusion concept. 
The simplified interaction law considers the overall isotropic behavior and model the overall viscous behavior 
through a new parameter γ. The numerical results show the descriptive capacity of the model to reproduce the 
effects of two key parameters: the grain shape α and the new viscous parameter γ.  They have a considerable role on 
the kinematic and isotropic hardening evolution. 
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